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There are some motivations to consider inflation driven by a phantom field. Before entering into
some specific models and perform data fitting, it is important first investigating some general features
that any viable inflation model should hold. The inflationary attractor property is an important one
of those features. In this paper we will show that the inflationary attractor property still holds for
canonical and Born-Infeld phantom fields in the standard Friedmann-Robertson-Walker cosmology,
however, it does not hold for canonical and Born-Infeld phantom fields in the Randall -Sundrum II
cosmology.
1. Introduction
Recent observations do not exclude, and even seem to favor, the equation of state of the dark energy ω < −1 [1].
However, most of the popular candidates for dark energy, such as quintessence [2], K-essence [3] and tachyonic scalar
fields described by Born-Infeld (B-I) action[4], lead to ω > −1. Thus the sort of matter or entity with equation of
state ω < −1, called ”phantom matter”, has received increasingly attentions recently. Such a field has a very unusual
dynamics as it violates null dominate energy condition (NDEC). In the literature, there are now mainly two effective
descriptions of phantom matter. First, by opposing the sign of the kinetic term in the Lagrangian of a canonical scalar
field, we will get a phantom field and we call it ”canonical” phantom thereafter [5]. The negative sign of the kinetic
term will cause instabilities, however, it was shown in Ref.[6] that the instability timescale may be long enough to
make it a sensible effective field theory. Thus it is sensible and interesting to study their cosmological implications [7].
Second, by opposing the sign of the kinetic term in the Lagrangian of a B-I field, we will get the B-I phantom [8, 9].
The interesting feature of the B-I phantom is that it admits a later time attractor solution [8] while the ordinary B-I
field does not have this important property [10].
Thus, it is interesting to consider the scenario of inflation driven by a phantom field [11] and/or the density pertur-
bation generated by the phantom field [12]. If an ordinary inflation model gives a red spectrum, the corresponding
phantom inflation model gives a blue one, which is an important character, since current WMAP data gives a blue
shift spectrum ns ≃ 1.1. In ordinary inflation model, only hybrid inflation can provide blue spectrum. Furthermore,
in some more physical models, phantom inflation appears naturally. For example, it is well-know that the R + R2
gravity can drive an inflation without an inflaton [14]. Generally, those modified gravity models with a Lagrangian
of the type L(R) have two inequivalent formulations: the metric formulation (second order formulation) and the
Palatini formulation (first order formulation) [15, 16, 17, 18]. However, due to an observation of Nima Arkani-Hamed,
the Palatini formualton has fine-tuning problems as an effective quantum field theory. Specifically, matter loops
will give rise to a correction to the action proportional to the Ricci scalar of the metric [16]. In this matter loop
corrected version of R + R2 gravity, it was shown in Ref.[19] that when expressed in Einstein frame, it corresponds
to a Einstein-Hilbert term plusing a canonical phantom field. Therefore, in this formulation, the inflation driven by
R + R2 gravity corresponds to a phantom inflation (It is interesting to contrast this to the fact that in the ”pure”
Palatini formulation, the R+R2 gravity can not drive an inflation [17]. It remains an interesting problem which one
of those three formulations of modified gravity is the physical one or all of them are not). Actually, this is the main
reason motivating us to investigate the properties of phantom inflation seriously.
If inflation is to be truly predictive, the evolution when the scalar field is at some given point on the potential has
to be independent of the initial conditions. Otherwise, any result, such as the amplitude of density perturbations,
would depend on the unknowable initial conditions. However, the scalar wave equation is a second order equation,
implying that φ˙ can in principle take on any value anywhere on the potential we may be, and so there certainly is
not a unique solution at each point on the potential. Inflation can therefore only be predictive if the solution exhibit
an attractor behavior, where the differences between solutions of different initial conditions rapidly vanish [21] (See
Sec.3.7 of Ref.[22] for a review). The inflationary attractor property of B-I field in standard FRW cosmology is shown
to be held in Ref [23].
In this paper, we will investigate the inflationary attractor properties of the canonical phantom and B-I phantoms
in standard Friedmann-Robertson-Walker (FRW) cosmology and Randall-Sundrum II (RSII) cosmology [24]. We
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1consider the later case because inflation on the brane has now comprised a vast literature and attracted lots of
interests (See Ref.[13, 25] for a review and references therein). It has now become a standard activity to consider
any existing inflation model in RSII cosmology. The inflationary attractor property was shown to be hold for the
canonical scalar field and B-I fields in RSII cosmology in Ref.[26]. We will show that the inflationary property still
holds for canonical and B-I phantom fields in standard FRW cosmology, however, it does not hold in RSII cosmology.
2. Attractor property of canonical phantom
The canonical phantom field is described by the effective Lagrangian [5]
Lphantom =
1
2
(∂µφ)
2 − V (φ) (1)
where we use the metric signature {−,+,+,+}. It is the negative kinetic energy term that distinguishes the phantom
field from the ordinary scalar fields. In a spatially flat FRW universe model, we can assume that φ is spatially
homogeneous. The energy density and the pressure are given by
ρ = −1
2
φ˙2 + V (φ) (2)
p = −1
2
φ˙2 − V (φ) (3)
The evolution equation of the field φ is
φ¨+ 3Hφ˙− V ′(φ) = 0 (4)
In analyzing the inflationary attractor property, we will use the Hamilton-Jacobi (H-J) formulation of the Friedmann
equation [20]. In this formulation, we will view the scalar field φ as the time variable. This requires that the φ field
does not change sign during the inflation period. Without loss of generality, we can choose φ˙ > 0 in the following
discussions.
2.1 Standard FRW cosmology
For a standard FRW cosmology model contained only canonical phantom fields, the Friedmann equation is
H2 =
κ2
3
(−1
2
φ˙2 + V (φ)) (5)
where H = a˙/a is the Hubble parameter and κ2 = 8piG.
Differentiating Eq.(5) with respect to t and using Eq.(4) gives
H ′ =
κ2
2
φ˙ (6)
Substituting this into Eq.(5) will give the H-J formulation of the Friedmann equation
(H ′)2 +
3κ2
2
H2 =
κ4
2
V (φ) (7)
Eqs.(6) and (7) are the Hamilton-Jacobi equations, which are more conveniently to be employed in analyzing the
inflationary attractor behaviors than Eqs.(4) and (5). In this formulation, one considers H(φ), rather than V (φ), as
the fundamental quantities. If we can solve H(φ) from Eq.(6), by substituting into Eq.(7) we can immediately obtain
V (φ). Therefore, the Hamilton-Jacobi formalism is also very useful to obtain a large set of exact inflationary solution
(See Ref.[26] for some examples) and put general constraints on the form of the potentials [27].
Supposing H0(φ) is any solution to Eq.(7), which can be either inflationary or non-inflationary. We consider a
homogeneous perturbation δH(φ) to this solution; the attractor property will be satisfied if it becomes smaller as φ
increases. Substituting H(φ) = H0(φ) + δH(φ) into Eq.(7) and linearizing, we find that the perturbation obeys
δH ′(φ) = −3κ
2
2
H0(φ)
H ′
0
(φ)
δH(φ) (8)
which has the general solution
δH(φ) = δH(φi) exp[−3κ
2
2
∫ φ
φi
H0(φ)
H ′
0
(φ)
dφ] (9)
2where δH(φi) is the value at some initial point φi. Since H
′
0
and φ have the same sign, if H0 is an inflationary solution,
all linear perturbations damp at least exponentially. Note that the number of e-foldings is
N ≡
∫ tend
t
Hdt =
κ2
2
∫ φend
φ
H(φ)
H ′(φ)
dφ (10)
Then Eq.(9) can be written as
H(φ) = H(φi) exp[−3(Ni −N)] (11)
In this form, ifH0 is an inflationary solution, it is obvious that all linear perturbations approach it at least exponentially
fast as the scalar field rolls. In conclusion, the inflationary attractor property still holds for canonical phantom field
in the standard FRW cosmology.
2.2 Randall-Sundrum II cosmolgy
For a spatially flat FRW model, the Modified Friedman equation in Randall-Sundrum II model is [28]
H2 =
κ2
3
(ρ+
ρ2
2λ
) (12)
where λ is the brane tension. When ρ≪ λ (the low energy limit), this reduces to the standard Friedmann equation;
when ρ≫ λ (the high energy limit), this reduces to
H2 =
κ2
6λ
ρ2 (13)
Assume that during inflation stage, V ≫ λ, thus the Modified Friedman equation in the high energy limit is
H2 =
κ2
6λ
(−1
2
φ˙2 + V (φ))2 (14)
Differentiating Eq.(14) with respect to t and using Eq.(4) gives
H ′(φ) =
3κ√
6λ
H(φ)φ˙ (15)
Substituting this into Eq.(14) will give the H-J formulation of the Modified Friedmann equation
λ
3κ2
(
H ′(φ)
H(φ)
)2 +
√
6λ
κ
H = V (φ) (16)
Analogous to the previous section, substituting H(φ) = H0(φ) + δH(φ) into Eq.(16) and linearizing, where H0(φ)
is any solution to Eq.(7), we find that δH(φ) obeys
δH ′(φ) = (
H ′
0
(φ)
H0(φ)
− 3
√
6κ
2
√
λ
H2
0
(φ)
H ′
0
(φ)
)δH(φ) (17)
which has with the general solution form
δH(φ) = δH(φi) exp[
∫ φ
φi
(
H ′0(φ)
H0(φ)
− 3
√
6κ
2
√
λ
H20 (φ)
H ′
0
(φ)
)dφ] (18)
where δH(φi) is the value at some initial point φi. Since H
′
0
and dφ have got the same sign, if H0 is an inflationary
solution, the integrand within the exponential term is positively definite if the condition
H ′0(φ)
2 >
3
√
6κ
2
√
λ
H0(φ)
4 (19)
is satisfied. Using Eqs.(14) and (15) this condition can be written as
3
2
φ˙2 > V (φ) (20)
3Thus when the initial value of the φ˙ satisfies Eq.(20), the perturbations will grow exponentially. In conclusion, the
phantom field in RS II model does not have the inflationary attractor character.
3. Attractor property of Born-Infeld phantom
The Born-Infeld phantom is described by the effective action [8]
LBI−phantom = −V (φ)
√
1− (∂µφ)2 (21)
In a spatially flat FRW universe model, we can assume that the scalar field φ is spatially homogeneous. The energy
density and the pressure are given by
ρ =
V (φ)√
1 + φ˙2
(22)
p = −V (φ)
√
1 + φ˙2 (23)
The evolution equation of φ is
φ¨
1 + φ˙2
+ 3Hφ˙− V
′(φ)
V (φ)
= 0 (24)
3.1 Standard FRW cosmology
For a homogenous and isotropic standard FRW cosmology model the Friedmann equation is taken as
H2 =
κ2
3
V (φ)√
1 + φ˙2
(25)
Differentiating Eq.(25) with respect to t and using Eq.(24) gives
H ′ =
3
2
H2φ˙ (26)
Substituting this into Eq.(25) will give the H-J formulation of the Friedmann equation
H(φ)2
√
1 +
4
9
H ′(φ)2
H(φ)4
=
κ2
3
V (φ) (27)
Substituting H(φ) = H0(φ) + δH(φ) into Eq.(27) and linearizing, where H0(φ) is any solution to Eq.(27), we find
that δH(φ) abides by
δH ′(φ) = −9
2
H0(φ)
3
H ′
0
(φ)
δH(φ) (28)
which has the general solution
δH(φ) = δH(φi) exp[−9
2
∫ φ
φi
H0(φ)
3
H ′
0
(φ)
dφ] (29)
where δH(φi) is the value at some initial point φi. SinceH
′
0 and φ have possessed the same sign, ifH0 is an inflationary
solution, all linear perturbations are damped at least exponentially. In conclusion, the inflationary attractor property
still holds for the B-I phantom field in standard FRW cosmology.
3.2 Randall-Sundrum II cosmolgy
The Modified Friedman equation in the high energy region can be expressed as
H2 =
κ2
6λ
V (φ)2
1 + φ˙2
(30)
The solution to this equation is analyzed in Ref.[11] and it was shown analytically that the scale factor a expands
exponentially. Thus Born-Infeld phantom can drive an inflation.
4Differentiating Eq.(30) with respect to t and using Eq.(24) gives
H ′(φ) = 3H2φ˙ (31)
Substituting this into Eq.(30) will give the H-J form of the Modified Friedmann equation
2λ
3κ2
(
H ′(φ)
H(φ)
)2 +
6λ
κ2
H(φ)2 = V (φ)2 (32)
Substituting H(φ) = H0(φ) + δH(φ) into Eq.(32) and linearizing, where H0(φ) is any solution to Eq.(7), we find
that δH(φ) obeys
δH ′(φ) = (−9H0(φ)
3
H ′
0
(φ)
+
H ′
0
(φ)
H0(φ)
)δH(φ) (33)
which has the general solution
δH(φ) = δH(φi) exp[
∫ φ
φi
(−9H0(φ)
3
H ′
0
(φ)
+
H ′0(φ)
H0(φ)
)dφ] (34)
where δH(φi) is the value at some initial point φi. Since H
′
0
and dφ have the same sign, the integrand within the
exponential term is positive definite if the condition
H ′
0
(φ)2 > 9H0(φ)
4 (35)
is meet. Using Eqs.(30) and (31) this condition can be written as
φ˙2 > 1 (36)
Thus when the initial value of the φ˙ satisfies Eq.(36), the perturbations will grow exponentially. Note that the
Lagrangian for a spatially homogenous ordinary B-I field reads
LB−I = −V (φ)
√
1− φ˙2 (37)
Thus, the ordinary B-I field satisfies φ˙2 ≤ 1 a prior. For the phantom B-I field, there is no such natural bound. And
we can see that this will make the B-I phantom not a good candidate for inflaton.
In conclusion, the B-I phantom in RSII model does not have the inflationary attractor property.
4. Conclusions and discussions
In this paper, we have shown that the inflationary attractor property still holds for canonical and B-I phantom
fields in standard FRW cosmology model, however, it does not hold for canonical and B-I phantom fields in RSII
cosmology model. Thus, subsequently, it is worth considering some specific models of a phantom inflation in the
standard FRW cosmolgy to see whether it can accommodate the data more easily. However, from our analysis,
considering the phantom inflation in RSII model is not a quite good choice. This reveals another difference between
the standard FRW cosmology and RSII cosmology models. Presently, there is an extension of the RSII model by
adding a Gauss-Bonnet term in the bulk action [29], it is interesting to see whether the inclusion of the Gauss-Bonnet
term can restore the inflationary attractor property of canonical and B-I phantoms. And we will find that, quite
interestingly, this is indeed the case [30].
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